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We study chiral symmetry restoration and quark deconfinement beyond mean field approximation
in a magnetized PNJL model. The feedback from mesons to quarks modifies the quark coupling
constant and Polyakov potential. As a result, the separate critical temperatures for the two phase
transitions at mean field level coincide and the magnetic catalysis becomes inverse magnetic catalysis,
when the meson contribution is included.
PACS numbers: 11.30.Rd, 12.38.Mh, 21.65.Qr, 25.75.Nq
Chiral symmetry restoration and quark deconfinement
are the two most important Quantum Chromodynam-
ics (QCD) phase transitions at finite temperature and
baryon density. Motivated by the strong magnetic field
in the core of compact stars and in the initial stage of
relativistic heavy ion collisions, the study on QCD phase
structure is recently extended to including external elec-
tromagnetic fields, see reviews [1–5]. Due to the Fermion
dimension reduction, a magnetic catalysis effect on chiral
symmetry breaking is expected in both vacuum and fi-
nite temperature in almost all model calculations at mean
field level, see for instance [6–8]. However, from the re-
cent lattice QCD simulations with a physical pion mass,
while the chiral condensate is enhanced in vacuum, the
critical temperature of the phase transition drops down
with increasing magnetic field [9–13]. To understand this
inverse magnetic catalysis at high temperature, many
scenarios are proposed [14–38], such as magnetic inhi-
bition of mesons, mass gap in large Nc limit, sphalerons,
gluon screening effect, and weakening of strong coupling.
The lattice simulations on the Polyakov loop which
is considered as the order parameter of deconfinement
phase transition support the inverse magnetic catalysis,
namely a decreasing critical temperature as the mag-
netic field grows [12, 13]. The deconfinement phase
transition in an external magnetic field is also widely
investigated in effective models, such as the MIT bag
model [39, 40], Polyakov-extended Nambu–Jona-Lasinio
Model (PNJL) [34–37] and Polyakov-extended Quark-
Meson model [38]. However, how to understand the in-
verse magnetic catalysis is still an open question. In this
paper, we investigate the magnetic field effect on chi-
ral symmetry restoration and quark deconfinement in a
PNJL model [41–48] beyond mean field approximation.
By extending the method of including feedback from
mesons to quarks in the NJL model [15, 49] to the PNJL
model, we focus on the behavior of the chiral condensate
and Polyakov loop in finite temperature and magnetic
field.
The two-flavor PNJL model in external electromag-
netic and gluon fields is defined through the Lagrangian
density [41–48] in chiral limit,
L = iψ¯γµD
µψ+
G
2
[(
ψ¯ψ
)2
+
(
ψ¯iγ5τψ
)2]
−U(Φ, Φ¯) (1)
with the Polyakov potential describing deconfinement at
finite temperature,
U
T 4
= −
b2
2
Φ¯Φ−
b3
6
(
Φ¯3 +Φ3
)
+
b4
4
(
Φ¯Φ
)2
, (2)
where the coefficient b2(t) = a0 + a1t+ a2t
2 + a3t
3 with
t = T0/T is temperature dependent, and the other coef-
ficients b3 and b4 are constants. The covariant derivative
Dµ = ∂µ+iQAµ−iAµ couples quarks to the two external
fields, the magnetic field B = ∇ ×A and the temporal
gluon field Aµ = δµ0A
0 with A0 = gA0aλa/2 = −iA4
in Euclidean space. The gauge coupling g is combined
with the SU(3) gauge field A0a(x) to define A
µ(x), λa
are the Gell-Mann matrices in color space, and Q =
diag(Qu, Qd) = diag(2e/3,−e/3) is the quark charge
matrix in flavor space. To simplify calculations, we as-
sume magnetic field B = (0, 0, B) along the z-axis. For
the chiral section in the Lagrangian, G is the coupling
constant in the scalar and pseudo-scalar channels. The
order parameter to describe chiral phase transition is
the chiral condensate 〈ψ¯ψ〉 or the dynamical quark mass
m = −G〈ψ¯ψ〉. In chiral limit, the SUL(2)⊗ SUR(2) sym-
metry of the system is broken down to U(1)L⊗ U(1)R
by the magnetic field B, and the number of Goldstone
modes is reduced from 3 (π0 and π±) to 1 (π0). The
Polyakov potential U(Φ, Φ¯) is related to the Z(3) center
symmetry and simulates the deconfinement in terms of
the trace of the Polyakov loop Φ = (TrcL) /Nc, where
L(x) = Pexp[i
∫ β
0
dτA4(x, τ)] = exp[iβA4] with β = 1/T
is a matrix defined in color space [42]. Φ can be consid-
ered as the order parameter to describe the deconfine-
ment process, since it satisfies Φ → 0 in confined phase
at low temperature and Φ → 1 in deconfined phase at
high temperature [41–48]. Note that there is Φ = Φ¯ at
vanishing baryon density.
In mean field approximation, the thermodynamic po-
tential of the quark system contains the mean field part
and quark part [34–37, 41–48],
Ωmf = U(Φ) +
m2
2G
+Ωq, (3)
2Ωq = −
∑
f,n
αn
∫
dpz
2π
|QfB|
2π
[
3Ef
+ 2T ln
(
1 + 3Φe−βEf + 3Φe−2βEf + e−3βEf
) ]
with spin factor αn = 2 − δn0 and quark energy Ef =√
p2z + 2n|QfB|+m
2 for flavor f and Landau level n.
The ground state is determined by minimizing the ther-
modynamic potential, ∂Ωmf/∂m = 0 and ∂Ωmf/∂Φ = 0,
which leads to the two coupled gap equations for the two
order parameters m and Φ,
m
(
1
2G
+
∂Ωq
∂m2
)
= 0,
∂U
∂Φ
+
∂Ωq
∂Φ
= 0. (4)
Solving the two mean field gap equations, the chiral
symmetry restoration and quark deconfinement happen
around Tc ≃ 220 MeV in case of vanishing magnetic field.
When the field is turned on, there is magnetic catalysis
for both the chiral symmetry restoration and quark de-
confinement phase transitions, see for instance [34–37].
In NJL models, mesons are treated as quantum fluc-
tuations above the mean field and constructed through
random phase approximation (RPA) [50–54]. There are
four mesons in the case of two flavors, the isospin singlet
σ and triplet π0 and π±, corresponding to the scalar and
pseudoscalar channels in the Lagrangian. Taking into
account the fact that the difference between NJL and
PNJL models is the background field Φ, while it changes
the medium properties, it does not dynamically affect the
interaction between quarks. Therefore, the meson prop-
agator in the PNJL model can still be written as [55, 56]
DM (k
2
0 ,k
2) =
G
1−GΠM (k20 ,k
2)
(5)
with the quark bubble or meson polarization function
ΠM (k
2
0 ,k
2). The meson pole mass mM and coupling
constant gMqq¯ are defined at the pole of the meson prop-
agator at zero momentum [15, 57, 58],
1−GΠM (m
2
M ,0) = 0, (6)(
gµMqq¯
)2
=
[
gµµ
∂ΠM (k
2
0 ,k
2)
∂k2µ
∣∣∣
(k2
0
,k2)=(m2
M
,0)
]−1
with space-time metric gµν = diag(1,−1,−1,−1). Note
that the magnetic field reduces the Lorentz group
SO(1,3) of space-time transformation to its subgroup
SO(1,1) in the direction of the field, which leads to
an anisotropic coupling constant gµMqq¯ with elements
g1Mqq¯ = g
2
Mqq¯ 6= g
0
Mqq¯ = g
3
Mqq¯.
After a straightforward calculation, the polarization
functions for π0 and σ at the pole can be simplified as
ΠM (k
2
0 , 0) = 3
∑
f,n
αn
∣∣∣∣QfB2π
∣∣∣∣
∫
dpz
2π
(7)
×
[
E2f − ǫ
2
M/4
E2f − k
2
0/4
1− 2fΦ(Ef )
Ef
]
with meson factors ǫpi0 = 0 and ǫσ = 2m and the modified
quark distribution function
fΦ(Ef ) =
Φe−βEf + 2Φe−2βEf + e−3βEf
1 + 3Φe−βEf + 3Φe−2βEf + e−3βEf
. (8)
For Φ = 1, fΦ(Ef ) is reduced to the Fermi-Dirac distri-
bution function, and the quark thermodynamical poten-
tial, quark mass gap equation and the meson polarization
function will recover the result in the NJL model [15].
By comparing the gap equation for quark mass m at
mean field level with the pole equation for neutral meson
mass mM at RPA level, there exist simple relations in
the chiral symmetry breaking phase,
m 6= 0, mpi0 = 0, mσ = 2m. (9)
This confirms that π0 is the Goldstone mode correspond-
ing to the spontaneous chiral symmetry breaking. As a
consequence, neutral pions and quarks dominate respec-
tively the thermodynamics of the system in chiral sym-
metry breaking phase at low temperature and chiral sym-
metry restoration phase at high temperature. Around
the critical point, the Higgs mode σ will also play an
important role. To avoid the complicated calculation for
charged pions which become heavier in magnetic field, we
consider in the following only neutral mesons π0 and σ,
which is a good approximation in strong magnetic field
(in week magnetic field the mass difference between neu-
tral and charged pions is not significant).
Including meson degrees of freedom in the model, the
thermodynamic potential of the quark-meson plasma can
be generally written as
Ω = U(Φ) +
m2
2G
+Ωq +
∑
M
ΩM , (10)
where ΩM is the meson thermodynamic potential. In
pole approximation, mesons are treated as quasi-particles
and ΩM can be simply expressed as
ΩM =
∫
d3k
(2π)3
[
EM
2
+ T ln
(
1− e−EM/T
)]
(11)
with the meson energy EM =
√
m2M + k
2
3 + v
2
⊥(k
2
1 + k
2
2),
where v⊥ = g
3
Mqq¯/g
1
Mqq¯ is called the meson transverse
velocity [15, 57, 58]. Due to the anisotropy introduced
by the external magnetic field, there is v⊥ 6= 1 in general
case.
With the total thermodynamic potential (10), the or-
der parameters m and Φ beyond mean field approxima-
tion should correspond to the minimum of the new po-
tential, ∂Ω/∂m = 0 and ∂Ω/∂Φ = 0, namely
m
(
1
2G
+
∂Ωq
∂m2
+
∑
M
∂ΩM
∂m2
)
= 0,
∂U
∂Φ
+
∂Ωq
∂Φ
+
∑
M
∂ΩM
∂Φ
= 0. (12)
3Obviously, the new order parameters m and Φ deter-
mined by (12) are different from the mean field ones
determined by (4), and the difference comes from the
thermodynamic contribution from mesons.
Taking into account the fact that in quark models
quarks are elementary constituents and mesons are quan-
tum fluctuations, the meson induced correction to the
order parameters should be small, |m−mmf |/mmf ≪ 1
and |Φ− Φmf |/Φmf ≪ 1. Therefore, we can expand the
meson thermodynamics around the mean field [15, 49]
and keep only the first order derivatives to simplify the
numerical calculation,
ΩM =
∑
i,j
1
i!j!
∂i+jΩM
∂(m2)i∂Φj
∣∣∣
mf
(
m2 −m2mf
)i
(Φ− Φmf )
j
≃ ΩM |mf +
∂ΩM
∂m2
∣∣∣
mf
(
m2 −m2mf
)
+
∂ΩM
∂Φ
∣∣∣
mf
(Φ− Φmf ) . (13)
Under this approximation, we can rewrite the new gap
equations (12) in the same form as the mean field ones
(4),
m
(
1
2G′
+
∂Ωq
∂m2
)
= 0,
∂U ′
∂Φ
+
∂Ωq
∂Φ
= 0. (14)
The meson contribution here is fully absorbed into the
effective coupling constant G′ and the effective Polyakov
potential U ′ defined by
1
2G′
=
1
2G
+
∑
M
∂ΩM
∂m2
∣∣∣
mf
,
U ′ = U +
∑
M
∂ΩM
∂Φ
∣∣∣
mf
Φ, (15)
where we have neglected the Φ-independent
term
∑
M [ΩM |mf + ∂ΩM/∂m
2|mf (m
2 − m2mf) −
∂ΩM/∂Φ|mfΦmf ] in the effective potential U
′, since
it does not contribute to the second gap equation for
Φ. Different from the original coupling G which is a
constant, the effective coupling G′(T,B) is defined in
hot medium and magnetic field. The effective Polyakov
potential U ′ depends also the magnetic field, in addition
to the temperature dependence in the original potential
U . Note that, the quantum fluctuations affect not only
the chiral phase transition through the effective coupling
but also the quark deconfinement through the linear
term in the new Polyakov potential U ′.
Because of the contact interaction among quarks, NJL
models are non-renormalizable, and it is necessary to in-
troduce a regularization scheme to remove the ultraviolet
divergence in momentum integrations. To guarantee the
law of causality in magnetic field (the transverse veloc-
ity v⊥ < 1 for the Goldstone mode), we take a covariant
Pauli-Villars regularization [15]. To do numerical calcu-
lations at finite temperature and magnetic field, we need
to fix the model parameters in vacuum with T = B = 0.
In chiral limit there are two parameters, the quark cou-
pling constant G and momentum cutoff Λ. By fitting the
pion decay constant fpi = 93 MeV and chiral condensate
〈ψ¯ψ〉 = (−250 MeV)3 in vacuum, the two parameters
are fixed to be G = 7.79 GeV−2 and Λ = 1127 MeV
in Pauli-Villars scheme with number of regulated quark
masses N = 3. On the Polyakov potential, its tempera-
ture dependence is from the lattice simulation, and the
parameters are chosen as [42] a0 = 6.75, a1 = −1.95,
a2 = 2.625, a3 = −7.44, b3 = 0.75, b4 = 7.5 and T0 = 270
MeV. Considering the fact that charged pions may have
sizeable contribution to the thermodynamics of the sys-
tem in weak magnetic field, we have taken a safe region
eB ≥ 15m2pi in our numerical calculations.
We first solve the coupled gap equations (4) to obtain
the mean field quark mass mmf and Polyakov loop Φmf ,
and then substitute them into the pole equation (6) to
calculate the meson mass mM and meson coupling con-
stant gµMqq¯. For the Goldstone mode π0, its longitudinal
velocity is exactly the speed of light, v|| = 1, but its
transverse velocity v⊥ is always less than the speed of
light at any temperature and magnetic field, satisfying
the law of causality. With the known mmf and Φmf at
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FIG. 1: The dimensionless coupling constant G′/G as a func-
tion of temperature and Polyakov potential U ′/T 4 (fixing
T = 200 MeV) as a function of Polyakov loop at different
magnetic field.
4mean field level and mM and v⊥ at RPA level, we further
calculate the effective coupling constant G′ and Polyakov
potential U ′ through the definition (15).
Fig.1 shows the dimensionless coupling constant G′/G
as a function of temperature and Polyakov potential
U ′/T 4 as a function of Polyakov loop. In mean field ap-
proximation, we have G′/G = 1 and U ′ is reduced to U ,
which are independent of the magnetic field. The quan-
tum fluctuations weaken the coupling among quarks, and
there is always G′ < G at any T and B. At fixed T , the
coupling drops down with increasing B, indicating the
magnetic inhabition of mesons [14]. The contribution
from mesons also modifies the Polyakov potential. In
comparison with the potential U in mean field approx-
imation, the location of the minimal potential U ′ shifts
towards a larger Φ, which means that the contribution
from mesons accelerates the deconfinement phase transi-
tion.
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FIG. 2: The quark mass m and Polyakov loop Φ as functions
of temperature at different magnetic field.
With the known effective coupling G′ and effec-
tive potential U ′, we now calculate the quark mass m
and Polyakov loop Φ beyond mean field approximation
through the coupled gap equations (14). Fig.2 shows m
and Φ as functions of temperature at different magnetic
field. While m in vacuum goes up with magnetic field,
the critical temperature Tχ for chiral phase transition de-
creases with magnetic field, indicating magnetic catalysis
at low temperature and inverse magnetic catalysis at high
temperature, which are in good agreement with the lat-
tice QCD simulations [9–13]. Different from the behavior
of the quark mass m, the Polyakov loop Φ is almost in-
dependent of the magnetic field at low temperature, it is
very close to the vacuum value (zero). When tempera-
ture approaches to the critical point Tχ of chiral phase
transition, Φ starts to increase clearly and more and more
fast. Going beyond the critical point, chiral symmetry is
restored with m = 0, and the two gap equations (14) are
decoupled. In this case, the meson contribution to the
deconfinement is reflected only in the linear term in the
potential, which leads to a slower increase of the order
parameter Φ. The inflection located at Tχ becomes more
clear with increasing magnetic field, see the small figure
for eB = 25m2pi in the lower panel of Fig.2.
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FIG. 3: The critical temperatures Tχ for chiral symmetry
restoration and TΦ for quark deconfinement as functions of
magnetic field in (dashed lines) and beyond (solid line) mean
field approximation.
To explicitly demonstrate the magnetic field effect on
chiral symmetry restoration and quark deconfinement,
we plot the chiral restoration temperatures Tχ and de-
confinement temperature TΦ as functions of scaled mag-
netic field in Fig.3. In chiral limit, Tχ(B) is well de-
fined through the condition m(Tχ, B) = 0 and the phase
transition is of second order. For the deconfinement
which is a crossover in finite temperature and magnetic
field, TΦ(B) is usually defined as the temperature where
the Polyakov loop has the maximum change [34–37, 41–
48]. In mean field approximation, there are respectively
strong and weak magnetic catalysis effect on the chiral
symmetry restoration and quark deconfinement, see the
dashed lines in Fig.3. When the feedback from mesons to
quarks is included, however, the behavior of the two tem-
peratures in magnetic field is significantly changed. Tχ
drops down with increasing magnetic field, clearly shown
in Fig.2. Since the maximum change of the Polyakov
loop is located at Tχ, as shown in Fig.2, the deconfine-
ment temperature TΦ coincides with Tχ. Therefore, the
meson contribution removes the difference between the
chiral restoration and deconfinement temperatures, and
there is inverse magnetic catalysis effect on both chiral
symmetry restoration and quark deconfinement, which
are consistent with the lattice QCD simulations [9–13].
In summary, the magnetic field effect on chiral symme-
5try restoration and quark deconfinement is investigated
in the frame of a two-flavor PNJL model beyond mean
field approximation. The feedback frommesons to quarks
is reflected in the modification of the quark coupling con-
stant and Polyakov potential, which accelerates the chiral
symmetry restoration and quark deconfinement. By go-
ing from mean field approximation to including meson
contributions, the difference between the chiral restora-
tion temperature and deconfinement temperature is re-
moved, and the magnetic catalysis effect on the two phase
transitions becomes inverse magnetic catalysis.
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